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Quantum Many-body Phenomena in Ultracold Atoms

Criteria of off-diagonal long-range order in Bose and Fermi systems based on the Lee-
Yang cluster expansion method: The superfluid state of cold fermionic gases displays a crossover
from a Bardeen-Cooper-Schrieffer (BCS) state to a Bose-Einstein condensate (BEC) of molecules, as the
interaction is tuned by a Feshbach resonance. Since this system is strongly correlated especially in the
crossover regime, no mean field theory has been known to describe the superfluid transition of this system
in the entire range of the interaction strength. In this work, we formulated a new approach to this problem
on the basis of the Lee-Yang cluster expansion method. We extended this method so that it can identify the
criteria of the off-diagonal long-range order of the density matrices in both Bose and Fermi systems. This
formulation is applicable to both a uniform system and a trapped system without relying on a local-density
approximation and provides systematic expansions of one-particle and multiparticle density matrices in
terms of cluster functions. This work was published in Phys. Rev. A [N. Sakumichi, N. Kawakami, and
M. Ueda, Phys. Rev.A 85, 043601 (2012)].

Finite-temperature phase diagram of a spin-1 Bose gas: Depending on the relative strengths of
the spin-dependent interaction, linear and quadratic Zeeman shifts, a BEC with spin degrees of freedom
(spinor BEC) can exist in various phases. These phases have different magnetizations and symmetries
in spin space. By developing a Hartree-Fock mean-field formalism for a spinor system, we investigated
both numerically and analytically how the phase boundaries and the system’s magnetizations are modified
by finite temperatures. Due to the coherent collisions between condensed and noncondensed atoms, the
noncondensate also acquires a finite magnetization provided the condensate is magnetized. We found that
off-diagonal coherence within the noncondensate can shift the phase boundaries greatly, and thus, it cannot
be neglected as in some previous studies. This work was published in Phys. Rev. A [Y. Kawaguchi, N. T.
Phuc, and P. B. Blackie, Phys. Rev. A 85, 053611 (2012)].

Topological classification of vortex core structures in spinor Bose-Einstein condensates:
We proposed a method for topologically classifying vortex-core structures in spinor BECs. Vortices (line
defects) are classified by topological charges within a conventional use of the homotopy theory. However,
vortices having the same topological charge can in general have different core structures. We extended
the conventional homotopy theory so that it can classify core structures. We introduced the “extended
order parameter manifold (OPM)”, which can treat the spatial variation of order parameters in vortex
core states. By applying our method to spin-1 BECs and calculating its extended OPM, we systematically
found exotic vortex-core structures in which phases with different magnetizations appear in a concentric
fashion. We identified a localized topological charge defined in each phase forming an annulus region. This
work was published in Phys. Rev. A [S. Kobayashi, Y. Kawaguchi, M. Nitta, and M. Ueda, Phys. Rev. A
86, 023612 (2012)].

Quantum Hall states in rapidly rotating two-component Bose gases: Ultracold atomic gases
under rapid rotation offer interesting analogues of quantum Hall systems with a variety of statistics and
internal states of constituent particles. We studied strongly correlated phases of two-component (or pseudo-
spin-1/2) Bose gases under rapid rotation by means of exact diagonalization. As the ratio of the inter-
component contact interaction gy to the intra-component one g increases, the two components are expected
to be entangled to form novel ground states. For g, = g, we find the formation of gapped spin-singlet
states at the filling factors v = k/3+k/3 (the k/3 filling for each component) with integer k. In particular,
we presented numerical evidences that the gapped state with k = 2 is well described as a non-Abelian spin-
singlet (NASS) state, in which excitations feature non-Abelian statistics. Furthermore, we find the phase
transition from the product of composite fermion states to the NASS state by changing the interaction
ratio g4;/g. This work was published in Phys. Rev. A [S. Furukawa and M. Ueda, Phys. Rev. A 86,
031604 (2012)].

Symmetry classification of spin-orbit-coupled spinor Bose-Einstein condensates: We devel-
oped a symmetry classification scheme to classify ground states of strongly spin-orbit-coupled spinor BECs,
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including pseudo-spin-1/2, spin-1, and spin-2 cases. Associated with breaking of simultaneous SO(2) spin-
space rotation symmetry in favor of discrete symmetries, various types of lattice structures emerge in the
absence of lattice potentials. Examples include two different kagome lattices for pseudo-spin-1/2 conden-
sates and a nematic vortex lattice in which uniaxial and biaxial spin textures align alternately for spin-2
condensates. For the pseudo-spin-1/2 system, although mean-field states always break time-reversal sym-
metry, there exists a time-reversal-invariant many-body ground state, which is fragmented and expected
to be observed in a microcondensate. This result was published in Phys. Rev. A [Z. F. Xu, Y. Kawaguchi,
L. You, and M. Ueda, Phys. Rev. A 86, 033628(1)-033628(8) (2012)].

Crossover trimers connecting continuous and discrete scaling regimes: In a three-body system
composed of two component fermions, two types of trimers were known to exist. When the mass ratio
between the two components is large, the Efimov states appear, which show a discrete scaling symmetry.
For a smaller mass ratio, on the other hand, the Kartavtsev-Malykh trimers emerge, which feature a
continuous scaling symmetry. We investigated how these two trimers evolve into each other and how the
scaling symmetry of the trimers changes. We found a new type of trimers, the crossover trimers. This
trimer neither possesses continuous nor discrete symmetries, and smoothly connect the Kartavtsev-Malykh
trimers and the Efimov trimers. We varied the mass ratio and scattering length and mapped out in which
region of parameter space each of the trimers can exist. This work was published in Phys. Rev. A [S.
Endo, P. Naidon, and M. Ueda, Phys. Rev. A 86, 062703 (2012)].

Hydrodynamic description of spin-1 Bose-Einstein condensates: Recently, non-destructive imag-
ing of spin textures in spin-1 BECs has been established, which has prompted theoretical researches of the
hydrodynamic description of spinor BECs. We derived a complete set of hydrodynamic equations for spin-
1 BECs that is valid regardless of the spatiotemporal dependence of the spin polarization. The obtained
equations, which are expressed in terms of the density, the spin density, the nematic tensor, and the mass
current, involve the continuity equations for the density, the spin density, and the nematic tensor, and the
“generalized” Mermin-Ho relation for the vorticity. We also show that our hydrodynamic equations are
equivalent to the multi-component Gross-Pitaevskii equations and reproduce the low-lying collective modes
for phonons and magnons. This work was published in Phys. Rev. A [E. Yukawa and M. Ueda, Phys. Rev.
A 86, 063614 (2012)].

Beliaev theory of spinor Bose-Einstein condensates: For a scalar (spinless) BEC, both the mean-
field results and the associated leading-order quantum corrections of the ground-state energy, the pressure,
and the phonons’ velocity can be derived analytically. Recent experiments and quantum Monte-Carlo
simulations have shown that those leading-order corrections can accurately describe the deviations from
the mean-field results for the maximum value of interaction realized in the field of ultracold atoms. We
developed the spinor Beliaev theory which can give the leading-order quantum corrections of observables in
a spinor Bose gas. In a spinor BEC, there exist spin waves (magnons) with quadratic dispersion relations
in addition to density wave (phonons) with linear dispersion relations. We find that the effective mass
of magnons increases due to density fluctuations, i.e., the motion of magnons is hindered by interaction
with other particles. The enhancement factor of magnons’ effective mass is the same for two different
phases investigated. The effective mass of magnons, and, in turn, the quantum fluctuation effects can be
experimentally probed by using a spinor wave packet. This work was published in Ann. Phys. [N. T. Phuc,
Y. Kawaguchi and M. Ueda, Ann. Phys. 328, 158 (2013)].

Quantum Information, Quantum Measurement, and Foundation of Statistical Mechanics

Bethe ansatz analysis of the thermalization mechanism of an isolated quantum system: Two
thermalization mechanisms, the eigenstate thermalization hypothesis (ETH) and the typicality, have been
recently proposed. However, the relative importance of these mechanisms has not yet been clarified. This
is because a huge computational cost is required to perform a finite-size scaling analysis of the ETH by
numerical diagonalization of interacting Hamiltonians. In this work, we used a Bethe ansatz solution of a
one-dimensional Bose gas, and performed a systematic finite-size scaling analysis of the ETH. The use of
an exact solution significantly reduced the computational cost. We found that the typicality gives a greater
effect in the thermalization than the ETH. This work was published in Phys. Rev. E [T. N. Ikeda, Y.
Watanabe, and M. Ueda, Phys. Rev. E 87, 012125 (2013)].
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